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Let 1 be a finite group and let 2 be a generating set for 1. A Cayley map
associated with 1 and 2 is an orientable 2-cell imbedding of the Cayley graph
G2 (1 ) such that the rotation of arcs emanating from each vertex is determined by
a unique cyclic permutation of generators and their inverses. A probability model
for the set of all Cayley maps for a fixed group and generating set, where the dis-
tribution is uniform, is investigated in the special case when the generating set con-
tains only elements of order 2. The Cayley genus, maximum Cayley genus, and
average Cayley genus are the minimum, maximum, and expected value of the genus
random variable associated with this probability model. These parameters are
determined for abelian groups, symmetric groups, and dihedral groups (with certain
prescribed generating sets). Using the dihedral groups, it is shown that the dif-
ference between two consecutive values in the Cayley genus distribution may be
arbitrarily large. Further, for each group and its prescribed generating set, the
likelihood that a given Cayley map is symmetrical is determined.  1999 Academic
Press
1. INTRODUCTION AND PRELIMINARIES
A surface is a closed orientable 2-manifold and the surface of genus k is
denoted by Mk . For a connected graph G, the genus #(G) of G is the mini-
mum nonnegative integer k such that there exists a 2-cell imbedding of G
on Mk , while the maximum genus #M (G) of G is the maximum such integer
k. A recent trend in topological graph theory is to study genus distributions
for classes of graphs. In general it is a difficult task to determine entire dis-
tributions for connected graphs. The natural framework for studying this
problem is with a probability model, where the sample space consists of all
labeled 2-cell imbeddings of a connected graph G and the distribution is
uniform, that is, the probability of a particular imbedding of G is
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1>& # V(G) (deg &&1)!. This model along with several other natural prob-
ability models for topological graph theory were introduced by White
[26]. Prior to the introduction of this probability model, much work had
already been devoted to the enumeration of the labeled 2-cell imbeddings
of a given connected graph on a specified orientable surface (for example,
see [1, 57, 11, 12, 22, 23]). A well-known result of Duke [4] provides
some information about the genus distribution of a connected graph.
Indeed, this result can be thought of as an ‘‘intermediate value theorem’’ for
genus distributions.
Theorem A. If G is a connected graph with genus #(G) and maximum
genus #M (G), then there exists an imbedding of G on Mk if and only if
#(G)k#M (G).
In this paper, we will use the probability model that was introduced in
[19] as a means for studying the special class of Cayley graph imbeddings
known as Cayley maps. Let 1 be a finite group and let 2 be a generating
set for 1 such that the identity e  2. Also let 2&1=[$&1 | $ # 2] and
2*=2 _ 2&1. Furthermore, we will henceforth assume that 2 is chosen so
that if $ # 2 & 2&1, then $2=e; that is, if $ is chosen as a generator, then
$&1 is not chosen, unless, of course, $2=e. The Cayley graph G2(1 ) is that
graph whose vertex set is 1 and edge set is [[x, x$] | x # 1, $ # 2*]. Let
\: 2*  2* be a cyclic permutation. A Cayley map (1, 2, \) is the 2-cell
imbedding of the Cayley graph G2 (1 ) having the rotation scheme
^=[\x | x # 1], where each vertex rotation \x is given by \x( y)=
x\(x&1y) for x # 1 and y # N(x), the neighborhood of x. In other words,
each vertex rotation \x is uniquely determined by \, where the cyclic
permutation of labels on the arcs emanating from x in the clockwise direction
is precisely \.
Equivalently, a Cayley map is the covering of an index one voltage graph
imbedding. For the basic concepts of topological graph theory including
the notions of covering spaces and voltage graphs, the reader is referred to
Gross and Tucker [8] and White [24]. For an abbreviated version of the
background necessary for the results presented here, we also refer the
reader to [17].
Let 0 be the sample space consisting of all Cayley maps for a specified
finite group 1 and generating set 2 for 1, where the distribution is uniform,
that is, where
P(1, 2, \)=
1
( |2*|&1)!
for each Cayley map (1, 2, \). (Note that isomorphic Cayley maps are
thus counted with repetition in the distribution. However, the topic of
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isomorphisms of Cayley maps, although interesting, is not the focus of
this paper.) The genus random variable g: 0  N _ [0] is defined by
g(1, 2, \)=k if the Cayley map (1, 2, \) determines a 2-cell imbedding of
G2 (1 ) in the surface Mk . The Cayley genus #(1, 2) and maximum Cayley
genus #M (1, 2) are defined as
#(1, 2)=min
0
g(1, 2, \)
and
#M (1, 2)=max
0
g(1, 2, \);
while the average Cayley genus # (1, 2) is the expected value of the genus
random variable and is given by
# (1, 2)=
1
( |2*|&1)!
:
0
g(1, 2, \).
This probability model has given rise to the concept ‘‘random Cayley
map.’’ In [19], the Cayley parameters are determined for the repeated
direct product of a cyclic group and its standard generating set. The
average Cayley genus for an arbitrary group with generating set consisting
of two or three elements is calculated in [18]. Observe that since Cayley
maps are simply special types of imbeddings of Cayley graphs, we have the
inequality
#(G2 (1 ))#(1, 2)#M (1, 2)#M (G2 (1 )).
In Sections 2, 3, and 4, the Cayley parameters for certain groups with the
generating sets consisting entirely of involutions (elements of order 2) are
calculated. Much attention is given to the dihedral groups, where, in
Section 4, it is shown that there is no ‘‘intermediate value theorem’’ for the
Cayley genus distribution. Indeed, it is shown that the difference between
two consecutive values in the Cayley genus distribution may be arbitrarily
large.
In addition to being interested in calculating the Cayley parameters for
various groups and generating sets, it is also of interest to determine the
likelihood that the Cayley maps in question have the special property of
being symmetrical. A map automorphism of the Cayley map (1, 2, \) is a
bijection of 1 onto itself that preserves oriented region boundaries. The
collection of all map automorphisms of (1, 2, \) constitutes a group and
is called the automorphism group of (1, 2, \). It is well-known (see Biggs
and White [3], for example) that the cardinality of the automorphism
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group of a Cayley map (1, 2, \) divides |1 | } |2*|. When the automorphism
group of (1, 2, \) is as large as possible, that is, has cardinality |1 | } |2*|,
we say that (1, 2, \) is symmetrical (or, as many authors also use, regular).
The problem of determining which groups admit symmetrical Cayley maps
has been the focus of study for many years (for example, see [2, 9, 10, 20,
21, 25]). The following result, which can also be found in Biggs and White
[3], has proved to be very useful.
Theorem B. Let (1, 2, \) be a Cayley map. If there exists a group
automorphism :: 1  1 such that :|2*=\, then (1, 2, \) is symmetrical.
In [21] S2 koviera and S2 ira n$ defined a balanced Cayley map as a Cayley
map (1, 2, \) for which \(x&1)=\(x)&1 for every x # 2*. They then
established a converse of Theorem B in the case of balanced Cayley maps.
Theorem C. Let (1, 2, \) be a Cayley map. If there exists a group
automorphism :: 1  1 such that :|2*=\, then (1, 2, \) is balanced and
symmetrical. Conversely, if (1, 2, \) is a symmetrical balanced Cayley map,
then such an automorphism : exists.
Of course, for a group 1, where 2 is chosen to consist entirely of involu-
tions, every Cayley map (1, 2, \) is balanced. In Section 5, we determine
the probability that a Cayley map for the dihedral group with generating
set consisting of the reflections is symmetrical. For additional results
characterizing symmetrical Cayley maps, the reader is referred to [9, 20].
We now specialize to groups generated by involutions. Let 1 be a group
with generating set 2=[$1 , $2 , ..., $n], where each element $k is an involu-
tion. Consider the sample space 0 consisting of all Cayley maps (1, 2, \)
with uniform distribution P(1, 2, \)=1(n&1)!. For a particular cyclic
permutation \=($k1 , $k2 , ..., $kn) of 2*=2, the Cayley map (1, 2, \) is the
covering of the index one voltage graph whose clockwise rotation of arcs
emanating from the unique vertex is \. Define ?\=$k1 $k2 } } } $kn . So ?\ is
an element of the group 1. Using standard techniques of topological graph
theory, the covering of this voltage graph is a 2-cell imbedding of G2 (1 )
on some surface, where the number of regions is r=|1 |ord(?\). Thus, by
the Euler formula, the value of the genus random variable g(1, 2, \) for the
sample point (1, 2, \) is
g(1, 2, \)=1+
|1 |
2 \
n
2
&1&
1
ord(?\)+ .
Hence for a given group 1 and generating set 2 of involutions, the genus
of (1, 2, \) depends only on the order of the element ?\=$k1 $k2 } } } $kn in 1.
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(Note that if \ had been expressed as \$=($ki , $ki+1 , ..., $kn , $k1 , $k2 , ...,
$ki&1), where i # [2, 3, ..., n], then
?\$=$ki$ki+1 } } } $kn $k1 $k2 } } } $ki&1
is a possibly different element than ?\ . However, since ?\ and ?\$ are con-
jugate elements of 1, it follows that ord(?\)=ord(?\$).)
2. CAYLEY MAPS FOR ABELIAN GROUPS
Certainly, when 1 is abelian, the order in which multiplication of gener-
ators is performed is inconsequential, and so the distribution is immediate
in this case. Indeed, the following result appears in [19].
Theorem 1. For 1=(Z2)m, let 2=[$1 , $2 , ..., $n] be a generating set
for 1, where, necessarily, nm. If $1 $2 } } } $n is the identity element, then
g(1, 2, \)=1+2m&2 (n&4) for every cyclic permutation \: 2  2; while if
$1 $2 } } } $n is an involution, then g(1, 2, \)=1+2m&2 (n&3) for every cyclic
permutation \: 2  2.
When n=m, each cyclic permutation of 2 induces an automorphism of
(Z2)
n so that, by Theorem B, every Cayley map ((Z2)
n, 2, \) is symmetri-
cal.
3. CAYLEY MAPS FOR THE SYMMETRIC GROUPS
It is not surprising that the abelian group (Z2)
n has a constant genus dis-
tribution. In this section we consider two different generating sets for the
symmetric group Sn (n3) that give rise to constant genus distributions.
We begin with the generating set 2=[(1 2), (1 3), ..., (1 n)].
Theorem 2. Let n3 be an integer and let 2=[(1 2), (1 3), ..., (1 n)].
Then
g(Sn , 2, \)=1+
(n&1)!
4
(n2&3n&2)
for every cyclic permutation \: 2  2. Moreover, every Cayley map
(Sn , 2, \) is symmetrical.
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Proof. Let \=((1 k1), (1 k2), ..., (1 kn&1)), where [k1 , k2 , ..., kn&1]=
[2, 3, ..., n&1]. Then ?\=(1 k1)(1 k2) } } } (1 kn&1)=(1, kn&1 , kn&2 , ..., k2 ,
k1) and ord ?\=n. Hence g(Sn , 2, \)=1+((n&1)!4)(n2&3n&2).
Next, let :=(k1 , k2 , ..., kn&1) and define ,: Sn  Sn by ,(;)=:;:&1 for
every ; # Sn . Then , is an automorphism of Sn . Further observe that ,|2=\
and so, by Theorem B, the Cayley map (Sn , 2, \) is symmetrical. K
In contrast to Theorem 2, the next result shows that when the generating
set for Sn is chosen to be 2=[(1 2), (2 3), ..., (n&1, n)], no Cayley map
(n4) is symmetrical while the genus distribution remains constant. Of
course for n=3, the Cayley map (S3 , 2, ((1 2), (2 3))) is symmetrical.
Theorem 3. Let n3 be an integer and let 2=[(1 2), (2 3), ...,
(n&1, n)]. Then
g(Sn , 2, \)=1+
(n&1)!
4
(n2&3n&2)
for every cyclic permutation \: 2  2. Moreover, no Cayley map (Sn , 2, \),
where n4, is symmetrical.
Proof. Using a straightforward proof by induction, it can be shown
that the product (in any order) of the elements (1 2), (2 3), ..., (n&1, n) is
always an n-cycle. Thus if \: 2  2 is a cyclic permutation of 2=[(1 2),
(2 3), ..., (n&1, n)], then ord ?\=n so that g(Sn , 2, \)=1+((n&1)!)
4(n2&3n&2).
Next, we show that no Cayley map (Sn , 2, \), where n4, is symmetri-
cal. Suppose, to the contrary, that there exists a cyclic permutation
\: 2  2 such that (Sn , 2, \) is symmetrical. Since 2 consists only of
involutions, (Sn , 2, \) is balanced. Thus, by Theorem C, there exists an
automorphism ,: Sn  Sn such that ,|2=\. This implies that , preserves
transpositions so that, by Rotman [16, p. 133], , is an inner auto-
morphism. Hence there exists an element : # Sn such that ,(;)=:;:&1 for
every ; # Sn .
Again, for each integer i with 1  i  n &1, let {i = (i, i+1). Now let
k # [2, 3, ..., n&1] be the integer such that \({k)=(1 2). Hence
:{k:&1=(1 2), or :(k, k+1) :&1=(1 2). This implies that : either sends k
to 1 and k+1 to 2 or : sends k to 2 and k+1 to 1. Consider \({k&1)=
:(k&1, k) :&1 # 2&[(1 2)]. Since : must send k to either 1 or 2 and
\({k&1) cannot fix 2, it follows that \({k&1)=(2 3). Thus : sends k to 2
and so : sends k&1 to 3 and k+1 to 1.
Next, suppose that k  n&2. Then consider \({k+1) = :(k+1,
k+2) :&1 # 2&[(1 2), (2 3)]. Since : sends k+1 to 1, we have a con-
tradiction. Thus, k=n&1 and : sends n to 1, n&1 to 2, and n&2 to 3.
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Inductively, one can show that \(n& j, n& j+1)=( j, j+1) for j=
1, 2, ..., n&1. Hence \(1 2)=(n&1, n) and \(n&1, n)=(1 2), contradicting
that \ is a cyclic permutation when n4. K
4. CAYLEY MAPS FOR THE DIHEDRAL GROUPS
Consider the dihedral group Dm of order 2m, where m3. We use the
presentation
(x, y | xm= y2=(xy)2=e)
for Dm . Thus every element of Dm can be uniquely represented in the form
xiy j, where 0im&1 and j=0, 1. Moreover, xiy j is a reflection (rota-
tion) if and only if j=1 ( j=0). Consider the generating set 2=
[ y, xy, x2y, ..., xm&1y] consisting of the reflections of Dm . So the Cayley
graph D2 (Dm) is Km, m and the expected value of the genus random variable
depends on the orders of the elements which are products of all the generators.
It is useful to note that since ( yxk)2=e for every integer k, we have yxky=
xm&k=x&k. As was the case for abelian groups, when m is odd the genus
random variable for the Cayley maps (Dm , 2, \) is constant.
Theorem 4. Let m=2n+13. If 2 is the generating set consisting of
the reflections of the dihedral group Dm , then g(Dm , 2, \)=n(2n&1) for
every cyclic permutation \: 2  2.
Proof. Let \: 2  2 be a cyclic permutation, say \=( y, xk1y, xk2y, ...,
xkm&1y), where [k1 , k2 , ..., km&1]=[1, 2, ..., m&1]. Then
?\ =( y xk1y) xk2 ( y xk3y) xk4 } } } ( y xkm&2y) xkm&1y
=x&k1+k2&k3+ } } } &km&2+km&1y,
which is a reflection and hence has order 2. Thus (Dm , 2, \) imbeds
G2 (Dm)=Km, m on Mk , where k=1+m(m2&1& 12)=n(2n&1). K
Thus each Cayley map (D2n+1 , 2, \) imbeds K2n+1, 2n+1 on a surface of
genus n(2n&1), and so the Cayley genus and maximum Cayley genus are
equal for D2n+1 and 2, namely, #(D2n+1 , 2)=#M (D2n+1 , 2)=n(2n&1).
Comparing the known ordinary genus and maximum genus of K2n+1, 2n+1
(see Ringel [14] and Ringeisen [13], respectively) with the corresponding
Cayley parameters, we obtain (for n1)
#(D2n+1 , 2)&#(K2n+1, 2n+1)=n2&1
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while
#M (K2n+1, 2n+1)&#M (D2n+1 , 2)=n,
that is, the difference between the genus and the Cayley genus can be
arbitrarily large, and similarly, the difference between the maximum genus
and the maximum Cayley genus can be arbitrarily large.
Next, we consider Dm , where m is even and again 2 is the generating
set consisting of the reflections of Dm . Let m=2n, where n2. Then 2=
[ y, xy, x2y, ..., x2n&1y] and G2 (D2n)=K2n, 2n . Let \=( y, xk1y, xk2y, ...,
xk2n&1y), where [k1 , k2 , ..., k2n&1]=[1, 2, ..., 2n&1]. Then ?\=xa, where
a#_ :
2n&1
i=1
(&1) i ki& mod 2n. (V)
Notice that once n&1 generators are selected from [xy, x2y, ..., x2n&1y]
and used in any order as the third, fifth, ..., (2n&1)st elements of \, the
value of a, and hence the value of ord(?\), is determined. Indeed,
ord(?\)=ord( yxk1yxk2y } } } xk2n&1y)={2ngcd(2n, a)1
if a{0
if a=0.
(Here we take gcd(2n, 0) to mean gcd(2n, 2n) so that gcd(2n, 0)=2n.)
There are ( 2n&1n&1 ) ways to choose n&1 elements from the set [xy, x
2y, ...,
x2n&1y], there are (n&1)! ways to place these elements in the third,
fifth, ..., (2n&1)st positions of \, and there are n! ways to then com-
plete the cyclic permutation \. Hence there are ( 2n&1n&1 ) distinct cyclic
permutations \ of 2, each of which represents a class of n !(n&1)! cyclic
permutations and imbeds G2 (D2n)=K2n, 2n on a surface of genus
1+2n[n&1&1ord(?\)].
Thus for n=3 of the (6&1)!=120 permutations of 2, 48 give
G2 (D6)=K6, 6 2-cell imbedded on M10 and the remaining 72 give K6, 6 on
M12 . Thus #(D6 , 2)=10, #M (D6 , 2)=12; and # (D6 , 2)=565. Also since
11 is not attained as a genus value for one of these Cayley maps, we see
that there is no analogue to Duke’s Theorem for the Cayley parameters.
In general, if [\i | 1i( 2n&1n&1 )] is the set of representative permutations
for D2n and si=ord(?\i), then the average Cayley genus is
( 2n&1n&1 )
# (D2n , 2)=
n !(n&1)!
(2n&1)!
:
i=1 \1+2n \n&1&
1
si++ .
This method of determining the average Cayley genus requires the com-
putation of the orders of ( 2n&1n&1 ) elements of D2n and, actually, these orders
may occur with repetition. In particular, if \j=( y, x j1y, x j2y, ..., x j2n&1y)
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and \k=( y, xk1y, xk2y, ..., xk2n&1y) are permutations of 2 such that
n&1i=1 j2i=
n&1
i=1 k2i , then by (V),
ord(?\j)=ord( y x
j1y x j2y } } } x j2n&1y)
=ord( y xk1y xk2y } } } xk2n&1y)=ord(?\k).
In other words, two partitions n&1i=1 j2i and 
n&1
i=1 k2i of the same number
having n&1 unequal parts and no part greater than 2n&1 will produce
the same genus. The generating function for the number of partitions hav-
ing k unequal parts and no part greater than j is denoted by uj (t, k). This
notation is used by Riordan [15] and the following result is an exercise in
[15].
Theorem D. Let k and j be positive integers with k j. The generating
function uj (t, k) for the number of partitions having k unequal parts and no
part greater than j is given by
uj (t, k)={t
( k+12 ) (1&t
j)(1&t j&1) } } } (1&t j&k+1)
(1&t)(1&t2) } } } (1&tk)
if k< j
t(
j+1
2 ) if k= j.
We use [ti] uj (t, k) to denote the coefficient of ti in uj (t, k), that is,
[ti] uj (t, k) is the number of partitions of the integer i into k unequal parts
having no part greater than j. Returning to the dihedral group D2n , we are
interested in u2n&1 (t, n&1), the enumerator of partitions with n&1
unequal parts and no part greater than 2n&1. Since the possible sums of
n&1 distinct integers from [1, 2, ..., 2n&1] are ( n2), (
n
2)+1, (
n
2)+2, ..., 3(
n
2),
there is a representative permutation \i=( y, xk1, iy, xk2, iy, ..., xk2n&1, iy) with
n&1j=1 k2 j, i=(
n
2)+i for each i=0, 1, 2, ..., n(n&1). It is not difficult to
determine that ?\i=x
ai, where
ai #_ :
2n&1
j=1
(&1) j kj, i & mod 2n=(n2+2i) mod 2n
for every i with 0in(n&1). Hence we obtain n values from (n2+2i)
mod 2n for i=0, 1, 2, ..., n&1, but then the same sequence of n integers is
repeated n&2 more times, that is, if i, j # [0, 1, 2, ..., n(n&1)] and
i#j mod n, then g(D2n , 2, \i)= g(D2n , 2, \j). Thus from our collection of
representative permutations \0 , \1 , \2 , ..., \n(n&1) , we must now only con-
sider \0 , \1 , \2 , ..., \n&1 . Let a#n2 mod 2n. (So a=0 if n is even and a=n
if n is odd.) Thus, the possible orders for the products of generators are
precisely
ord(?\i)=2ngcd(2n, a+2i), 0in&1,
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FIGURE 1
and the corresponding genus for each i is 2n2&2n+1&gcd(2n, a+2i).
With this, we determine the average Cayley genus random variable for D2n
with the generating set 2 consisting of the reflections.
Theorem 5. Let n2 be an integer and let a # [0, 1, ..., 2n&1] such
that a#n2 mod 2n. Then the average Cayley genus # (D2n , 2), where 2 is the
generating set for D2n consisting of all the reflections, is given by
# (D2n , 2)=
n !(n&1)!
(2n&1)! { :
n&1
i=0 _(2n
2&2n+1&gcd(2n, a+2i))
_ :
n&1
j=0
[t(
n
2)+i+ jn] u2n&1 (t, n&1)&= .
For example, several values of the average Cayley genus are provided in
Fig. 1.
Next, by finding the extreme values of gcd(2n, a+2i), where 0i
n&1, we can determine the Cayley genus and maximum Cayley genus for
(D2n , 2). The calculations are routine and thus the proof is omitted.
Theorem 6. If n2 and 2 is the generating set for D2n consisting of the
reflections of D2n , then
#(D2n , 2)={2n
2&4n+1
2n2&3n+1
if n is even
if n is odd
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and
#M (D2n , 2)={2n
2&2n&1
2n2&2n
if n is even
if n is odd.
Since #M (K2n, 2n)=2n2&2n, we see that
#M (D2n , 2)={#M (K2n, 2n)&1#M (K2n, 2n)
if n is even
if n is odd.
Observe also that since limn   (#M (D2n , 2)#(D2n , 2))=1, it follows
that #M (D2n , 2) is asymptotic to #(D2n , 2).
Recall for D6 , we observed that there is no analogue to Duke’s
Theorem (Theorem A) for the Cayley parameters. Indeed, we now show
that the difference between two consecutive genus values in the genus dis-
tribution for a group with given generating set can be arbitrarily large.
Corollary 7. Let n2 be an even integer and 2 be the generating set
for D2n consisting of reflections. Then there exist consecutive genus values g1
and g2 in the genus distribution for D2n such that g2& g1=n.
Proof. In the case when n is even, we have seen that if \: 2  2 is a
cyclic permutation, then (D2n , 2, \) imbeds K2n, 2n on a surface of genus
2n2&2n+1&gcd(2n, 2i), where i is an integer with 0in&1. When
i=0, we obtain g1=#(D2n , 2)=2n2&4n+1 and when i=n2, we obtain
g2=2n2&2n+1&gcd(2n, n)=2n2&3n+1. Since no value between g2
and g1 is attained, it follows that g2& g1=n. K
5. PROBABILITY OF SYMMETRICAL MAPS FOR
THE DIHEDRAL GROUPS
We now direct our attention to determining whether any of the
Cayley maps (Dm , 2, \) are symmetrical. An immediate consequence of
Theorem C is that for the dihedral group Dm with generating set 2 consisting
of all of the reflections, a Cayley map (Dm , 2, \) is symmetrical if and only
if there exists a group automorphism :: Dm  Dm such that :|2=\. It is
not difficult to verify the next result and thus the details are omitted.
Lemma 8. Let m3 be an integer and let 2 be the set of all reflections
for the dihedral group Dm . Then :: Dm  Dm is a group automorphism if and
only if
:(g)={g
k
xkj+ly
if g # Dm&2
if g # 2 and g=x jy,
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where k (1  k  m &1) and l (0  l  m &1) are integers and
gcd(m, k)=1.
The following lemma will be useful in determining those automorphisms
of Dm whose restriction to 2 is a cyclic permutation.
Lemma 9. Let k (1km&1) be an integer such that gcd(m, k)=1. If
for every integer i=1, 2, ..., m&2, it follows that ki+ki&1+ } } } +k+10
mod m, then the integers
k+1, k2+k+1, ..., km&2+km&3+ } } } +k+1
are distinct and are precisely the numbers 2, 3, ..., m&1 modulo m (of course,
not necessarily in this order).
Proof. Assume that gcd(m, k)=1 and ki+k i&1+ } } } +10 mod m
for every integer i=1, 2, ..., m&2. If k=1, then it is easy to check that the
result holds. Note that if k=m&1, gcd(m&1, m)=1, but k+1#0 mod m
so that m&1 is not a valid choice of k here. Also observe that since
gcd(m, k)=1, no power of k is congruent to 0 modulo m. Thus for each
i=1, 2, ..., m&2, we have ki+ki&1+ } } } +k+12. Thus it remains to
show that the integers k+1, k2+k+1, ..., km&2+km&3+ } } } +k+1 are
distinct modulo m. Suppose, to the contrary, that there exist integers i and
j with 1i< jm&2 such that
k j+k j&1+ } } } +k+1#(ki+ki&1+ } } } +k+1) mod m.
Then k j+k j&1+ } } } +ki+1#0 mod m or k i+1 (k j&i&1+k j&i&2+ } } } +
k+1)#0 mod m (observe that j&i&1 may be zero here). Since
gcd(m, k)=1, it follows that
k j&i&1+k j&i&2+ } } } +k+1#0 mod m,
producing the desired contradiction. K
We are now prepared to classify those automorphisms :: Dm  Dm such
that :|2 is a cyclic permutation.
Lemma 10. Let m3 be an integer and let k and l be integers with
gcd(m, k)=1 and 0lm&1. Define :: Dm  Dm by
:(g)={g
k
xkj+ly
if g # Dm&2
if g # 2 and g=x jy.
Then :|2 is a cyclic permutation if and only if gcd(m, l)=1 and
ki+ki&1+ } } } +k+10 mod m for every integer i=1, 2, ..., m&2.
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Proof. First, suppose that both gcd(m, l)=1 and ki+ki&1+ } } } +
k+10 mod m for every integer i=1, 2, ..., m&2. Then observe that
:( y)=xly, :2 ( y)=x(k+1) ly, :3 ( y)=x(k2+k+1) ly, and in general, : i ( y)=
x(ki&1+ki&2+ } } } +k+1) ly. Thus if : is expressed as a permutation of 2, the cycle
of : containing y has the form ( y, xly, x(k+1) ly, ..., x(km&2+km&3+ } } } +k+1) ly).
Since ki+ki&1+ } } } +k+10 mod m, it follows, by Lemma 9, that
k+1, k2+k+1, ..., km&2+km&3+ } } } +k+1
are distinct and are precisely the numbers 2, 3, ..., m&1 modulo m.
Further, since gcd(m, l)=1, it follows that [l, 2l, ..., (m&1) l]=[1, 2, ...,
m&1] (modulo m, of course). Thus :|2 is a cyclic permutation and :=
( y, xly, x (k+1) ly, ..., x (km&2+km&3+ } } } +k+1) ly).
For the converse, assume that :|2 is a cyclic permutation. Then
:=( y, xly, x(k+1) ly, ..., x(km&2+km&3+ } } } +k+1) ly)
and [l, (k+1) l, (k2+k+1) l, ..., (km&2+km&3+ } } } +k+1) l]=
[1, 2, ..., m&1], where the integers of the first set are taken modulo m. If
there exists an integer i (1im&2) such that ki+ki&1+ } } } +k+1#0
mod m, then x(ki+ki&1+ } } } +k+1) ly= y, and we have a contradiction. Hence
ki+ki&1+ } } } +k+10 mod m for every integer i=1, 2, ..., m&2. It
remains to show that gcd(m, l)=1. Suppose, to the contrary, that
gcd(m, l){1. Then there exists an integer q with 2qm&1 such that
lq#0 mod m. By Lemma 9,
[k+1, k2+k+1, ..., km&2+km&3+ } } } +k+1]=[2, 3, ..., m&1]
so that q#(k i+ki&1+ } } } +k+1) mod m for some integer i (1i
m&2). Thus x(ki+ki&1+ } } } +k+1) ly=xqly= y, producing the desired con-
tradiction. K
Our main result now follows as an immediate consequence of Lemma 10,
and is an improvement of the bound presented in [17]. Before presenting
the result, we recall that the Euler 8-function ,: N  N is defined as
,(n)=1 if n=1 and for n2, ,(n) is the number of positive integers less
than n and relatively prime to n.
Theorem 11. Let m3 be an integer. Let c equal the number of integers
k (1km&1) such that gcd(m, k)=1 and ki+ki&1+ } } } +k+10
mod m for every integer i=1, 2, ..., m&2. For the dihedral group Dm with
generating set 2 consisting of all the reflections, the probability that a cyclic
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permutation \ of 2 determines a symmetrical Cayley map is c,(m)(m&1)!.
Moreover, (Dm , 2, \) is symmetrical if and only if
\=( y, xly, x(k+1) ly, ..., x (km&2+km&3+ } } } +1) ly)
for integers k and l, where gcd(m, l)=1, gcd(m, k)=1, and ki+
ki&1+ } } } +k+10 mod m for every integer i=1, 2, ..., m&2.
As we verify next, when m= p is prime, there is a unique value of k that
satisfies the condition of Theorem 11, namely k=1, and thus we obtain
c=1 in this special case.
Corollary 12. Let p3 be prime. For the dihedral group Dp with
generating set 2 consisting of all the reflections, the probability that a cyclic
permutation \ of 2 determines a symmetrical Cayley map is 1( p&2)!.
Proof. Since ,( p)= p&1, it suffices to show that k=1 is the only value
of k that satisfies the conditions of Theorem 11. Certainly k=1 does satisfy
the conditions of Theorem 11. So let j be an arbitrary integer with
2 jp&1. We prove that j p&2+ j p&3+ } } } +1#0 mod p. By Fermat’s
Little Theorem, we have j p&1&1#0 mod p. Since p is prime, we have
j p&2+ j p&3+ } } } + j+1#
j p&1&1
j&1
# mod p. K
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